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Description des noyaux à partir de QCD sur réseau



I. Pourquoi la physique nucléaire (théorique) est si vache ?

De la simplicité de Yukawa … à l’usine à gaz 

… et retour !

II. LQCD: physique nucléaire (et hadronique!) avec un paramètre

III. Que peut on attendre ?



I. Pourquoi la physique nucléaire (théorique) est si vache ?

Le spectre du positronium (e+e-) ne dépend que de deux paramètres (m,α)
et ceci pour l’infinité de ses états liés, et quelque soit la précision demandée

A l’ordre le plus bas:

Il en est de même si l’on veut décrire une collision e+e- à quelques eV. 
mais cela reste vrai à des énergies 106 fois plus grandes !
En fait le premier « nouveau paramètre » n’apparaît qu’a des énergies 108 eV
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2H + 3H →
4He + n
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Uµ(x) ∈ SU(3)

CA(t) ∼ e−MA(t)
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∆E(t) = log
C(t)
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• Radiative Recombination

p̄ + e− → H̄ + hν

Laser stimulated Radiative recombination

p̄ + e− + nhν → H̄ + hν + (n + 1)hν

• Antiproton-Positronium charge exchange

p̄ + Ps → H̄ + e−

• 3-body recombination

p̄ + e+ + e− → H̄ + e+

• Ani-H ion production

H̄ + Ps → H̄+ + e−

et il est en quelque sorte « trivial » : mμ

Cette desarmante simplicité demeure lors d’une collision Ps+Ps
C’est un problème à 4 corps  (e+e-)+(e+e-) avec plusieurs « voies asymptotiques »
mais dont la solution ne dépendra aussi que des mêmes deux paramètres
…. pourvu que qu’on le résolve exactement, en tant que problème à 4 corps !!!

Il en est de même pour la collision Ps+ + Ps+ …sauf que pour l’instant on ne sait 
pas le résoudre exactement (N=6) !

AAA

e+ + e− → e+ + e− + µ+ + µ−

e+ + e− → µ+ + µ−
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1
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Uµ(x) ∈ SU(3)

CA(t) ∼ e−MA(t)

CN(t) ∼ e−MN (t)

R(t) =
CA(t)

[CN(t)]A

∆E(t) = log
C(t)

C(t + 1)

H̄

A

• Radiative Recombination

p̄ + e− → H̄ + hν

Laser stimulated Radiative recombination

p̄ + e− + nhν → H̄ + hν + (n + 1)hν

• Antiproton-Positronium charge exchange

p̄ + Ps → H̄ + e−



La situation se complique si l’on veut décrire le système formé par deux atomes du 
« gaz noble » 4He
Ces atomes ont « perdu leur noblesse » en formant des dimers, trimers, tétramers,
… soit avec eux mêmes, soit avec ses cousins 3He (perte tout relative donc!)

Ce sont des « états périphériques », quasi-satéllitaires, sans co-valence
impliquant des B≈10-7 eV et des tailles ≈100 ou 1000 A !

Pour décrire ce système – purement électromagnétique – on introduit un «potentiel »
atome-atome, i.e. on considère comme simple (ponctuel) ce qui est en fait compliqué

Exemple: le potentiel d’Aziz, 
R.A. Aziz et al., J. Chem. Phys 94 (1991) 8047  

Il décrit bien la phénoménologie (pauvre!) 
mais au prix de .. 12 paramètres !
alors qu’en réalité tout ne dépend que de (m,α)

Cette « explosion » a lieu dans un cas extrêmement 
simple, par rapport au nucléaire (ni SS, ni LS, ni T…)
Malgré son caractère purement électromagnétique, 
on renonce à tout lien avec QED: on ne se « raconte 
pas des histoires » on « n’échange rien », malgré que 
QED soit très symétrique 
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La « complication » vient en fait de nos simplifications !
Une situation paradoxale qui est aussi celle de la physique nucléaire

Les nucléons sont des objets TRES compliqués
bien plus compliqués que les atomes d’ 4He !

ce qui se traduit par des interactions compliquées…

Sinya AOKI

University of Tsukuba

“Japan Days” Colloquium, May 2, 2011, University of Wuppertal

The 150th anniversary of the Friendship Treaty 
between Japan and Germany

2011年5月11日水曜日

Si on s'entête à les décrire par des "potentiels" V  
entres des objets simples......

2. Strategy in (lattice) QCD 
to extract “potential”

Challenge to Nambu’s statement 

“Even now, it is impossible to completely describe nuclear forces beginning 

with a fundamental equation.  But since we know that nucleons themselves are 
not elementary, this is like asking if one can exactly deduce the characteristics 

of a very complex molecule starting from Schroedinger equation, a practically 
impossible task.” 

Y. Nambu, “Quarks � Frontiers in Elementary Particle Physics”,  World Scientific  (1985)          

2011年5月11日水曜日

1.2. Baryon masses from QCD 3

Figure 1.2: The composition of proton.

understand this phenomena, in Fig. 1.2, we present a more realistic picture of the composition
of proton. We can see that the proton not only contains three valence quarks, but also includes
tremendous sea quarks (quark and anti-quark pairs) and gluons, which provide most of proton
mass. Therefore, almost 98% of the mass of atomic matter could be from the strong interaction.
It would be of fundamental interest to understand the strong interaction to produce the nucleon
masses.

1.2 Baryon masses from QCD

Quantum Chromodynamics (QCD), as an important component of the Standard Model of
particle physics, is a theory describing the strong interaction. The basic degrees of freedom
are quarks and gluons. In principle, QCD could provide a reasonable explanation of the 98%
of atomic mass. However, being a non-Abelian gauge theory, QCD possesses two peculiar
properties: asymptotic freedom and confinement. As illustrated in Fig. 1.3, quarks and gluons
interact very weakly at high energy, allowing perturbative expansion in powers of the running
coupling constant ↵

s

. On the other hand, due to confinement, ↵
s

takes large value at low
energies, and QCD becomes nonperturbative. In order to tackle this problem, lattice quantum
chromodynamics (LQCD), effective field theories, and phenomenological quark models are
developed. Because the former two methods are usually deemed as the theory of QCD, we
would like to focus on their studies of nucleon (baryon) masses to understand the origin of
atomic mass.



On fini – phénoménologie oblige - avec des "monstres" ayant 30-40 paramètres.....
qui assurent - tout de même ! - une description presque parfaite Χ2/datum=1.01
des très nombreuses données NN (TLab<300MeV)
Vrai dans l’approche traditionelle (“méson-echange”: π,σ,ρ,ω,…) 
ceci reste vrai dans l’approche EFT (1992: Weinberg, Van Kolck,…)

Exemple de “potentiel” NN : pion+ “termes de contact” (regulariés)

E. Epelbaum Joliot Curie 2010, on a fait mieux depuis (N4LO)



…. mais qui ne reproduisent pas les énergies des noyaux 3He ni 4He
Il faut encore ajouter “quelques” corrections (3NF)…

Pour ne pas encore réproduire certaines sections efficaces élastiques et polarisations n-2H (Ay),
certaines resonances à très basse énergie (n-3H), 
ou certaines sections efficaces de break-up… aussitôt que l’on apprend à les calculer
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Fig. 8. (Color online) a) The contribution of different terms
to the cross-section of the QFS configuration of fig. 7. The
(black) dash-dotted line is the contribution of the first term
⟨Φ0|(1 + P )|α⟩⟨α|T |Φ⟩ in (10) and the (green) short-dashed
line is the contribution of the fourth term ⟨Φ0|(1 + P )tR

c P |Φ⟩
in (10) coming with the 3-dimensional screened Coulomb
t-matrix tR

c (in the present calculation tR
c = V R

c ). The (blue)
dashed–double-dotted and (maroon) double-dash–dotted lines
are contributions of the second ⟨Φ0|(1 + P )|α⟩⟨α|tR

c P |Φ⟩ and
of the third ⟨Φ0|(1+P )|α⟩⟨α|tR

c PG0T |Φ⟩ term in (10), respec-
tively, which are calculated with the partial-wave–decomposed
screened Coulomb t-matrix. The (black) dotted and (blue)
long-dashed lines result from the ⟨Φ0|(1+P )|α⟩⟨α|(T−tR

c P )|Φ⟩
and ⟨Φ0|(1 + P )|α⟩⟨α|(T − tR

c PG0T )|Φ⟩ amplitudes, respec-
tively. The (red) long-dashed line is the contribution of the
⟨Φ0|(1 + P )|α⟩⟨α|(T − tR

c P − tR
c PG0T )|Φ⟩ amplitude. The

(black) solid line encompasses all four terms. All results are
for the screening radius R = 100 fm. b) shows contributions of
small terms which are difficult to see on the scale of part a).

gives the smallest contribution. The smallness of these
terms does not mean however that they are unimportant
because the interference effects are nonnegligible and act
in different ways for QFS and SST.

For the QFS the second largest contribution comes
from ⟨Φ0|(1 + P )|α⟩⟨α|tRc P |Φ⟩ (blue dashed–double-
dotted line) while for SST it comes from ⟨Φ0|(1 +
P )|α⟩⟨α|tRc PG0T |Φ⟩ (maroon double-dash–dotted line).
For QFS and SST taking the amplitude of that second
largest contribution together with ⟨Φ0|(1 + P )|α⟩⟨α|T |Φ⟩
changes significantly the cross-section. For QFS it is
the black dotted line in fig. 8a resulting from ⟨Φ0|(1 +
P )|α⟩⟨α|(T − tRc P )|Φ⟩ while for SST it is the blue long-
dashed line in fig. 10a resulting from ⟨Φ0|(1+P )|α⟩⟨α|(T−
tRc PG0T )|Φ⟩.

The third largest contribution provides for both con-
figurations smaller changes of the cross-section and the
result when the second and third largest contributions are
included ⟨Φ0|(1+P )|α⟩⟨α|(T −tRc PG0T −tRc P )|Φ⟩ is given
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Fig. 9. (Color online) The convergence in the cut-off radius
R of the d(p, p1p2)n breakup cross-section in a kinematically
complete SST configuration with polar angles of the two outgo-
ing protons θ1 = θ2 = 50.5◦ and azimuthal angle φ12 = 120◦.
The incoming proton energy is Elab

p = 13MeV and the the-
oretical predictions are based on the screened Coulomb force
and the CD Bonn nucleon-nucleon potential [21] restricted to
1S0 and 3S1-

3D1 partial waves. For the description of the lines
see fig. 7. The crosses are Elab

p = 13 MeV pd breakup data of
ref. [22] and pluses are Elab

n = 13MeV nd breakup data of
ref. [23].

0,0

0,5

1,0

1,5

d5 σ
/d
Ω

1dΩ
2dS

 [m
b 

sr
-2

 M
eV

-1
]

0 4 12
S [MeV]

0,000

0,005

0,010

a)

b)

8

Fig. 10. (Color online) a) The contribution of different terms
to the cross-section of the SST configuration of fig. 9. The solid
line encompasses all terms. For the description of other lines
see fig. 8. All results are for the screening radius R = 100 fm.
b) shows contributions of small terms which are difficult to see
on the scale of part a).

by the red long-dashed line. It is above the pd data for
both geometries.

Finally, including the smallest contribution from
the 3-dimensional screened Coulomb t-matrix ⟨Φ0|(1 +
P )tRc P |Φ⟩ brings the theory to the pd data for the QFS
geometry at all S-values and for the SST configuration at
S-values close to the space-star condition.



Est-ce bien raisonnable ???

POUR RESUMER CETTE PARTIE:

La complexité de la physique nucléaire théorique vient de la complexité du nucléon.
bien avant qu’entre en jeu celle inhérente au problème à N-corps : c’est déjà vrai pour A=2!

Chaque “gros point” est une interaction de contact… entre des objet très étendus !
Chaque “ligne” une propagation d’objets improbables dans un space-temps inexistant
entre des objets illusiores: on se “raconte des histoires”  

Ne peut-on pas faire plus simple, 
puisque de toutes façons c’est “un peu faux” ???

C’est l’esprit de la “pionless EFT” (cf. U. van Kolck), au pris d’un radical 
dépouillement conceptuel: “les noyaux existent …parce que les N se touchent”
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Figure 3: Leading two-pion exchange contributions to the NN interaction. Notation as in Fig. 1.

+ [V
LS

+ ⌧ 1 · ⌧ 2 WLS

]
⇣
�i~S · (~q ⇥ ~k)

⌘

+ [V
T

+ ⌧ 1 · ⌧ 2 WT

] ~�1 · ~q ~�2 · ~q
+ [V

�L

+ ⌧ 1 · ⌧ 2 W�L

] ~�1 · (~q ⇥ ~k ) ~�2 · (~q ⇥ ~k ) , (4.7)

where ~p 0 and ~p denote the final and initial nucleon momenta in the CMS, respectively; moreover,

~q ⌘ ~p 0 � ~p is the momentum transfer,
~k ⌘ 1

2 (~p
0 + ~p) the average momentum,

~S ⌘ 1
2 (~�1 + ~�2) the total spin,

(4.8)

and ~�1,2 and ⌧ 1,2 are the spin and isospin operators, respectively, of nucleon 1 and 2. For on-energy-shell
scattering, V

↵

and W
↵

(↵ = C, S, LS, T,�L) can be expressed as functions of q and k (with q ⌘ |~q| and
k ⌘ |~k|), only.

Our notation and conventions are similar to the ones used by the Munich group [55, 60, 61] except for two
di↵erences: our spin-orbit potentials, V

LS

and W
LS

, di↵er by a factor of (+2) and all other potentials di↵er
by a factor of (�1) from the Munich amplitudes. Our definitions are more in tune with what is commonly
used in nuclear physics.

In all expressions given below, we will state only the nonpolynomial contributions to the NN amplitude.
Note, however, that dimensional regularization typically generates also polynomial terms which are, in part,
infinite or scale dependent (cf. Appendix B). These polynomials are absorbed by the contact interactions
to be discussed in a later section.

Next-to-leading order (NLO). The leading two-pion exchange appears at second order (⌫ = 2, next-to-
leading order, NLO) and is shown in Fig. 3. Since a loop creates already ⌫ = 2 [cf. Eq. (3.5)], the vertices
involved at this order have index �

i

= 0, i.e., they are from the leading order Lagrangian bL�=0, Eq. (2.65),
where the ⇡N vertices carry only one derivative. These vertices are denoted by small dots in the figures.
The rather complicated evaluation of these diagrams is presented in Appendix B.

Concerning the planar box diagram in Fig. 3, we should note that we include only the non-iterative part
of this diagram which is obtained by subtracting the iterated 1PE contribution Eq. (4.25) or (4.26), below,
but using M2

N

/E
p

⇡ M2
N

/E
p

00 ⇡ M
N

at this order (NLO). Summarizing all contributions from irreducible
two-pion exchange at second order, one obtains:

W
C

= � L(q)

384⇡2f4
⇡


4m2

⇡

(5g4
A

� 4g2
A

� 1) + q2(23g4
A

� 10g2
A

� 1) +
48g4

A

m4
⇡

w2

�
, (4.9)

V
T

= � 1

q2
V
S

= �3g4
A

L(q)

64⇡2f4
⇡

, (4.10)

where

L(q) ⌘ w

q
ln

w + q

2m
⇡

(4.11)

and
w ⌘

p
4m2

⇡

+ q2 . (4.12)

As will be demonstrated in Sec. 4.2, below; this part of the 2PE is rather weak and insu�cient to properly
describe the NN interaction at intermediate range.
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Figure 4: Two-pion exchange contributions to the NN interaction at order three in small momenta (NNLO). Basic notation as

in Fig. 1. Large solid dots denote vertices from the Lagrangian bL�=1, Eq. (2.66), proportional to the LECs ci. Symbols with

an open circles are relativistic 1/MN corrections which are also part of bL�=1. Only a few representative examples of 1/MN

corrections are shown. Note that all football diagrams shown in this figure vanish.

Next-to-next-to-leading order (NNLO). The two-pion exchange diagrams of order three (⌫ = 3, next-to-
next-to-leading order, NNLO) are very similar to the ones of order two, except that they contain one
insertion from bL�=1, Eq. (2.66). The resulting contributions are typically either proportional to one of
the low-energy constants c

i

or they contain a factor 1/M
N

. Notice that relativistic 1/M
N

corrections
derive from vertices and nucleon propagators. In Fig. 4, we show in row one the diagrams with one vertex
proportional to c

i

(large solid dot), and in row two and three a few representative graphs with a 1/M
N

correction (symbols with an open circle). The number of 1/M
N

correction graphs is large and not all
are shown. Note that all football diagrams vanish at this order, because the loop integrals involve odd
powers of the time-component of the loop momentum. Again, the planar box diagram is corrected for a
contribution from the iterated 1PE. If the iterative 2PE of Eq. (4.25), below, is used, the expansion of the
factor M2

N

/E
p

= M
N

� p2/2M
N

+ . . . is applied and the term proportional to (�p2/2M
N

) is subtracted
from the third order box diagram contribution. Then, one obtains for the full third order [55]:

V
C

=
3g2

A

16⇡f4
⇡

⇢
g2
A

m5
⇡

16M
N

w2
�

2m2

⇡

(2c1 � c3)� q2
✓
c3 +

3g2
A

16M
N

◆�
ew2A(q)

�
, (4.13)

W
C

=
g2
A

128⇡M
N

f4
⇡

�
3g2

A

m5
⇡

w�2 �
⇥
4m2

⇡

+ 2q2 � g2
A

(4m2
⇡

+ 3q2)
⇤
ew2A(q)

 
, (4.14)

V
T

= � 1

q2
V
S

=
9g4

A

ew2A(q)

512⇡M
N

f4
⇡

, (4.15)

W
T

= � 1

q2
W

S

= �g2
A

A(q)

32⇡f4
⇡

✓
c4 +

1

4M
N

◆
w2 � g2

A

8M
N

(10m2
⇡

+ 3q2)

�
, (4.16)

V
LS

=
3g4

A

ew2A(q)

32⇡M
N

f4
⇡

, (4.17)

W
LS

=
g2
A

(1� g2
A

)

32⇡M
N

f4
⇡

w2A(q) , (4.18)

with

A(q) ⌘ 1

2q
arctan

q

2m
⇡

(4.19)

and
ew ⌘

p
2m2

⇡

+ q2 . (4.20)

This contribution to the 2PE is the crucial one, because it provides an intermediate-range attraction of
proper strength (Sec. 4.2). The iso-scalar central potential, V

C

, is strong and attractive due to the LEC c3,
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Figure 5: One-loop 2⇡-exchange contributions to the NN interaction at order four. Notation as in Fig. 4. Moreover, symbols
with a large solid dot and an open circle denote 1/MN corrections of vertices proportional to ci. Symbols with two open circles

mark relativistic 1/M2
N corrections. Both corrections are part of the Lagrangian bL�=2, Eq. (2.67). Representative examples

for all types of one-loop graphs that occur at this order are shown.

which is negative and of large magnitude (cf. Table 2, below). Via resonance saturation, c3 is associated with
⇡-⇡ correlations (‘� meson’) and virtual �-isobar excitations, which create the most crucial contributions
to 2PE in the frame work of conventional meson theory [11, 20]. The configuration-space expressions, which
correspond to the above momentum-space potentials, are given in Ref. [55], where also a detailed comparison
with meson-exchange potentials is conducted.

If the iterative 2PE defined in Eq. (4.26), below, is applied, the 1/M
N

terms are slightly di↵erent. As
derived in Appendix C, the changes are taken care of by adding to Eqs. (4.13)-(4.16) the following terms:

V
C

= � 3g4
A

256⇡f4
⇡

M
N

(m
⇡

w2 + ew4A(q)) , (4.21)

W
C

=
g4
A

128⇡f4
⇡

M
N

(m
⇡

w2 + ew4A(q)) , (4.22)

V
T

= � 1

q2
V
S

=
3g4

A

512⇡f4
⇡

M
N

(m
⇡

+ w2A(q)) , (4.23)

W
T

= � 1

q2
W

S

= � g4
A

256⇡f4
⇡

M
N

(m
⇡

+ w2A(q)) . (4.24)

Next-to-next-to-next-to-leading order (N3LO). This order (⌫ = 4) is very involved. The contributions can
be subdivided into two groups, one-loop graphs, Fig. 5, and two-loop diagrams, Fig. 6. Applying Eq. (3.5),
it is easy to verify that all contributions result in ⌫ = 4. We have relegated the comprehensive mathematical
expressions of this order to Appendix D. The net e↵ect of this contribution is small indicating a trend
towards convergence (cf. Sec. 4.2).

24

Figure 7: Leading three-pion exchange contributions to the NN interaction. Notation as in Fig. 1. Diagrams that result from
interchange of nucleon lines and/or time reversal are not shown.

group of graphs has to be calculated together such that the parameter ↵ drops out, as it should, since
measurable quantities must not depend on ↵.

The 3PE contributions at N3LO have been calculated by the Munich group and found to be negligible [57,
58]. This is not surprising since only the leading vertices are involved which are known to be weak. As
discussed, for similar reasons, the leading 2PE also turned out to be rather small (even though not negligible).
Note, however, that the subleading 3PE contributions which involve one vertex from the Lagrangian bL�=1,
Eq. (2.66), proportional the LEC c

i

, have been found to be sizable [59]. They contribute at fifth order
(N4LO). Our current analysis is restricted to N3LO where only the leading 3PE contributes which we will
ignore because of its negligible strength.

4.2. Perturbative NN scattering in peripheral partial waves
Nucleon-nucleon scattering in peripheral partial waves is of special interest—for several reasons. First,

these partial waves probe the long- and intermediate-range of the nuclear force. Due to the centrifugal
barrier, there is only small sensitivity to short-range contributions and, in fact, the N3LO contact terms
make no contributions for orbital angular momenta L � 3 (cf. Section 4.3). Thus, for F and higher waves and
energies below the pion-production threshold, we have a window in which the NN interaction is governed by
chiral symmetry alone (chiral one- and two-pion exchanges), and we can conduct a relatively clean test of how
well the theory works. Using values for the LECs from ⇡N analysis, the NN predictions are even parameter
free. Moreover, the smallness of the phase shifts in peripheral partial waves suggests that the calculation
can be done perturbatively. This avoids the complications and the possible model-dependence that the
non-perturbative treatment of the Schroedinger equation, necessary for low partial waves (Section 4.5), is
beset with. Because of the importance of peripheral NN scattering, many calculations based upon chiral
dynamics can be found in the literature [55, 56, 62, 67, 134–136]. We will follow Ref. [67].

Since we will compare the predictions with neutron-proton (np) phase shifts, we will specifically calculate
np scattering in this sub-section. Defining,

V1⇡(m⇡

) ⌘ � g2
A

4f2
⇡

~�1 · ~q ~�2 · ~q
q2 +m2

⇡

, (4.27)

the correct 1PE for np scattering is given by

V (np)
1⇡ (~p 0, ~p) = �V1⇡(m

⇡

0) + (�1)I+1 2V1⇡(m
⇡

±) , (4.28)

where I denotes the isospin of the two-nucleon system. We use the pion masses given in Table 2 and

M
N

=
2M

p

M
n

M
p

+M
n

= 938.9182 MeV . (4.29)
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(a) (b) (c)

Figure 17: Three-nucleon force diagrams at NLO. Notation as in Fig. 1.

5.1. Three-nucleon forces

Nuclear three-body forces in ChPT were initially discussed by Weinberg [52] and the 3NF at NNLO was
first derived by van Kolck [70].

For a 3NF, we have A = 3 and C = 1 and, thus, Eq. (3.4) implies

⌫ = 2 + 2L+
X

i

�
i

. (5.1)

We will use this equation to analyze 3NF contributions order by order.

5.1.1. Next-to-leading order
The lowest possible power is obviously ⌫ = 2 (NLO), which is obtained for no loops (L = 0) and only

leading vertices (
P

i

�
i

= 0). We display typical graphs in Fig. 17. As discussed by Weinberg [52], the
contributions from these diagrams vanish at NLO. To see this, let’s first look at graph (a), which contains a
Weinberg-Tomozawa vertex, Eq. (A.43), that includes a time-derivative of a pion field. Since this diagram
does not involve reducible topologies, it can be treated as a Feynman diagram in which energy is conserved
at each vertex, so that the time-derivative yields a di↵erence of nucleon kinetic energies ⇠ Q2/M

N

instead
of ⇠ Q. Thus, the contribution from this graph is suppressed by a factor Q/M

N

and demoted to NNLO.
Graphs (b) and (c) of Fig. 17 are best discussed in terms of time-ordered perturbation theory. Weinberg [52]
and van Kolck [70] showed that, at NLO, the irreducible topologies of these graphs cancel against the recoil
corrections from the reducible ones, leaving no net irreducible 3N contribution. What remains is just the
iteration of the static 2N potentials. In fact, this had been pointed out already by Yang and Glöckle [127]
and Coon and Friar [128] in the 1980’s.

The bottom line is that there is no genuine 3NF contribution at NLO. The first non-vanishing 3NF
appears at NNLO.

5.1.2. Next-to-next-to-leading order
The power ⌫ = 3 (NNLO) is obtained when there are no loops (L = 0) and

P
i

�
i

= 1, i.e., �
i

= 1 for
one vertex while �

i

= 0 for all other vertices. There are three topologies which fulfill this condition, known
as the two-pion exchange (2PE), 1PE, and contact graphs [70, 71] (Fig. 18).

Using the subleading vertices Eqs. (A.51) and (A.52), it is straightforward to derive the 2PE 3N-potential
to be

V 3NF
2PE =

✓
g
A

2f
⇡

◆2 1

2
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(q2
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+m2
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)
F ab

ijk
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i

⌧ b
j

(5.2)

with ~q
i

⌘ ~p
i

0 � ~p
i

, where ~p
i

and ~p
i

0 are the initial and final momenta of nucleon i, respectively, and

F ab

ijk

= �ab

�4c1m2

⇡

f2
⇡

+
2c3
f2
⇡

~q
i

· ~q
j

�
+

c4
f2
⇡

X

c

✏abc ⌧ c
k

~�
k

· [~q
i

⇥ ~q
j

] . (5.3)

There are great similarities between this force and earlier derivations of 2PE 3NFs, notably the 50-year
old Fujita-Miyazawa [202], the Tucson-Melbourne (TM) [203], and the Brazil [204] forces. A thorough
comparison between various 2PE 3NFs is conducted in Ref. [205] resulting in the recommendation to drop

51

Figure 18: The three-nucleon force at NNLO. From left to right: 2PE, 1PE, and contact diagrams. Notation as in Fig. 1.

the so-called “c-term” from the TM force, since it does not have an equivalent in the ChPT derived force,
Eqs. (5.2), (5.3), giving rise to the construction of the TM’ (or TM99) force [206].

Notice that Eq. (5.3) does not include a c2-term. Due to two time-derivatives, the contribution from the
c2 vertex is (Q/M

N

)2 suppressed and demoted by two orders. Note also that the 2PE 3NF does not contain
any new parameters, because the LECs c1, c3, and c4 appear already in the 2PE 2NF (Section 4.1.2) and
are fixed by ⇡N and/or NN data.

The other two 3NF contributions shown in Fig. 18 are easily derived by taking the last two terms of the
� = 1 Lagrangian, Eq. (2.66), into account. The 1PE contribution is

V 3NF
1PE = �D

g
A

8f2
⇡

X

i 6=j 6=k

~�
j

· ~q
j

q2
j

+m2
⇡

(⌧
i

· ⌧
j

)(~�
i

· ~q
j

) (5.4)

and the 3N contact potential reads

V 3NF
ct = E

1

2

X

j 6=k

⌧
j

· ⌧
k

. (5.5)

These 3NF terms involve the two new parameters D and E, which do not appear in the 2N problem. There
are many ways to pin these two parameters down. In Ref. [71], the triton binding energy and the nd doublet
scattering length 2a

nd

were used. One may also choose the binding energies of 3H and 4He [98] or an optimal
over-all fit of the properties of light nuclei [99]. Exploiting the consistency of interactions and currents in
ChPT [207], the parameter D of the ⇡NNNN vertex involved in the 1PE 3NF can be constrained by p-wave
pion-production data [208] or electro-weak processes like the tritium �-decay [209] or proton-proton fusion
(p p ! d e+ ⌫

e

) [210]. Once D and E are fixed, the results for other 3N, 4N, etc. observables are predictions.
The 3NF at NNLO has been applied in calculations of few-nucleon reactions [71, 89–97], structure of

light- and medium-mass nuclei [98–101], and nuclear and neutron matter [102, 103] with a good deal of
success. Yet, the famous ‘A

y

puzzle’ of nucleon-deuteron scattering is not resolved [71, 94]. When only
2NFs are applied, the analyzing power in p-3He scattering is even more underpredicted than in p-d [74, 211].
However, when the NNLO 3NF is added, the p-3He A

y

substantially improves (more than in p-d) [97]—but
a discrepancy remains. Furthermore, the spectra of light nuclei leave room for improvement [99].

We note that there are further 3NF contributions at NNLO, namely, the 1/M
N

corrections of the NLO
3NF diagrams (Fig. 17). Some of these terms involve the vertices Eqs. (A.49) and (A.50), and the 1/M

N

correction of the c4 vertex, Eq. (A.52); others are due to higher order recoil corrections. Several of those
contributions have been calculated by Coon and Friar in 1986 [128]. These corrections are believed to be
very small.

To summarize, the 3NF at NNLO is a remarkable contribution: It represents the leading many-body
force within the scheme of ChPT; it includes terms that were advocated already some 50 years ago; and it
produces noticeable improvements in few-nucleon reactions and the structure of light nuclei. But unresolved
problems remain. Moreover, in the case of the 2NF, we have seen that one has to proceed to N3LO to
achieve su�cient accuracy. Therefore, the 3NF at N3LO is needed for at least two reasons: for consistency
with the 2NF and to hopefully resolve outstanding problems in microscopic structure and reactions.

5.1.3. Next-to-next-to-next-to-leading order
According to Eq. (5.1), the value ⌫ = 4, which corresponds to N3LO, is obtained for the following classes

of diagrams.
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(a) (b) (c) (d) (e)

Figure 19: Leading one-loop 3NF diagrams at N3LO. We show one representative example for each of five topologies, which
are: (a) 2PE, (b) 1PE-2PE, (c) ring, (d) contact-1PE, (e) contact-2PE. Notation as in Fig. 1.

Figure 20: Sub-leading one-loop 3NF diagrams which appear at N4LO. Notation as in Fig. 1.

3NF loop diagrams at N3LO. For this group of graphs, we have L = 1 and, therefore, all �
i

have to be zero
to ensure ⌫ = 4. Thus, these one-loop 3NF diagrams can include only leading vertices, the parameters of
which are fixed from ⇡N and NN analysis. We show five representative examples of this very large class of
diagrams in Fig. 19. One sub-group of these diagrams (2PE graphs) has been calculated by Ishikawa and
Robilotta [72], and two other topologies (1PE-2PE and ring diagrams) have been evaluated by the Bonn-
Jülich group [73]. The remaining topologies, which involve a leading four-nucleon contact term [diagrams
(d) and (e) of Fig. 19], are under construction by the Bonn-Jülich group. The N3LO 2PE 3NF has been
applied in the calculation of nucleon-deuteron observables in Ref. [72] producing very small e↵ects.

The smallness of the 2PE loop 3NF at N3LO is not unexpected. It is consistent with experience with
corresponding 2NF diagrams: the NLO 2PE contribution to the NN potential, which involves one loop and
only leading vertices (Fig. 3), is also relatively small (Fig. 8).

By the same token, one may expect that also all the other N3LO 3NF loop topologies will produce only
small e↵ects.

3NF tree diagrams at N3LO. The order ⌫ = 4 is also obtained for the combination L = 0 (no loops) andP
i

�
i

= 2. Thus, either two vertices have to carry �
i

= 1 or one vertex has to be of the �
i

= 2 kind, while
all other vertices are �

i

= 0. This is achieved if in the NNLO 3NF graphs of Fig. 18 the power of one vertex
is raised by one. The latter happens if a relativistic 1/M

N

correction is applied. A closer inspection reveals
that all 1/M

N

corrections of the NNLO 3NF vanish and the first non-vanishing corrections are proportional
to 1/M2

N

and appear at N4LO. However, there are non-vanishing 1/M2
N

corrections of the NLO 3NF and
there are so-called drift corrections [212] which contribute at N3LO (some drift corrections are claimed to
contribute even at NLO [212]). We do not expect these contributions to be sizable. Moreover, there are
contributions from the �

i

= 2 Lagrangian [123] proportional to the low-energy constants d
i

. As it turns
out, these terms have at least one time-derivative, which causes them to be Q/M

N

suppressed and demoted
to N4LO.

Thus, besides some minor 1/M2
N

corrections, there are no tree contributions to the 3NF at N3LO.
Summarizing the 3NF at N3LO: For the reasons discussed, we anticipate that this 3NF is weak and will

not solve any of the outstanding problems. In view of this expectation, we have to look for more sizable
3NF contributions elsewhere.

5.1.4. The 3NF at N4LO
The obvious step to take is to proceed to the next order, N4LO or ⌫ = 5. Some of the tree diagrams

that appear at this order were mentioned already: the 1/M2
N

corrections of the NNLO 3NF and the trees
with one d

i

vertex which are 1/M
N

suppressed. Because of the suppression factors, we do not expect sizable
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Figure 22: Leading four-nucleon force at N3LO.

Assuming a good rate of convergence, a contribution of order (Q/⇤
�

)4 is expected to be rather small.
Thus, ChPT predicts 4NF to be essentially insignificant, consistent with experience. Still, nothing is fully
proven in physics unless we have performed explicit calculations. Recently, the leading 4NF (Fig. 22) has
been applied in a calculation of the 4He binding energy, where it contributes a few 100 keV [216]. It should
be noted that this preliminary calculation involves many approximations, but it certainly provides the right
order of magnitude of the result, which is indeed very small as compared to the full 4He binding energy of
28.3 MeV.

6. Introducing �-isobar degrees of freedom

The lowest excited state of the nucleon is the �(1232) resonance or isobar (a ⇡-N P -wave resonance
with both spin and isospin 3/2) with an excitation energy of �M = M� �M

N

= 293 MeV. Because of its
strong coupling to the ⇡-N system and low excitation energy, it is an important ingredient for models of
pion-nucleon scattering in the �-region and pion production from the two-nucleon system at intermediate
energies, where the particle production proceeds prevailingly through the formation of � isobars [11]. At low
energies, the more sophisticated conventional models for the 2⇡-exchange contribution to the NN interaction
include the virtual excitation of �’s, which in these models accounts for about 50% of the intermediate-range
attraction of the nuclear force—as demonstrated by the Bonn potential [20, 217].

Because of its relatively small excitation energy, it is not clear from the outset if, in an EFT, the � should
be taken into account explicitly or integrated out as a “heavy” degree of freedom. If it is included, then
�M ⇠ m

⇡

is considered as another small expansion parameter, besides the pion mass and small external
momenta. This scheme has become known as the small scale expansion (SSE) [218]. Note, however, that
this extension is of phenomenological character, since �M does not vanish in the chiral limit.

In the chiral EFT discussed so far in this report (also known as the “�-less” theory), the e↵ects due to
� isobars are taken into account implicitly. Note that the dimension-two LECs, the c

i

, have unnaturally
large values (cf. Table 2). The reason for this is that the �-isobar (and some meson resonances) contribute
considerably to the c

i

—a mechanism that has become known as resonance saturation [219]. Therefore, the
explicit inclusion of the � (“�-full” theory) will take strength out of these LECs and move this strength
to a lower order [53, 56, 220–222]. As a consequence, the convergence of the expansion improves, which is
another motivation for introducing explicit �-degrees of freedom. We observed that, in the �-less theory,
the subleading 2PE and 3PE contributions to the 2NF are larger than the leading ones. The promotion of
large contributions by one order in the �-full theory fixes this problem.

In the heavy baryon formalism, the leading Lagrangian involving �’s reads [54, 70] (listing only terms
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A-t-on perdu la tête ?



Malgré ses succès incontestables (cf. V. Kolk)
des efforts titanesques (V. Somà)
et d’avoir enlevé (presque) tous le mésons du noyau …
la description “ab-initio “des la Physique Nucléaire en termes de nucléons et mésons
continue à souffrir de l’ “effet Sisyphe “ ….
Il se manifeste surtout dans les spectre des noyaux “un peu lourds » (états excités), 
les rayons, ainsi que dans les observables de polarisation (Ay) ou des réactions (break-up)



II. LQCD: Physique nucléaire (et hadronique!) avec un paramètre

On sait résoudre QCD dans son régime non perturbatif
- sur un réseau d’espace-temps muni d’une métrique euclidienne
- en utilisant le formalisme path integral de la QFT (Feynman)
C’est la LQCD:
Discrétization

4D lattice

a

�x

Uµ(y) ⇤ SU(3)

Uµ(x) = eigaAµ(x)

Volume : (243 � 48) up to (483 � 96)

Lattice spacing : a ⇥ 0.05÷ 0.1 fm

If SQCD is discretization of the QCD action

⌅O[U,�, �̄]⇧ =
1

Z

⇥ �
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[d�̄][d�]
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1 VNN

ΦBS(x − y) = ⟨0 | N(x)N(y) | NN⟩

(−∆ + V )Ψ = EΨ =⇒ V =
(E + ∆)Ψ

Ψ

2 Champss

qf (x) =

⎛

⎝

qb
f (x)

qr
f (x)

qv
f (x)

⎞

⎠ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

f = 1, . . . , 6

det[Mxy] e−S[Uµ]

det[D(U)] e−Sg[U ]

p(U) = det[D(U)] e−Sg[U ]

U = {Uµ(x), x ∈ V }

Uµ(x) =

⎛

⎝

. . .

. . .

. . .

⎞

⎠ ∈ SU(3)

Uµ(x) =

⎛

⎝

. . .

. . .

. . .

⎞

⎠ ∈ SU(3) µ = 1, 2, 3, 4

qf (x) =

⎛

⎝

qb
f(x)

qr
f(x)

qv
f(x)

⎞

⎠ qc
f (x) =

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

f = 1, . . . , 6

2

L         T V
32    64          2 100 000
48    96 10 600 000
64  128 32 200 000
96  192      169 600 000 

Pour tout ce qui concerne la physique nucléaire, seulement deux paramètres:
- “bare” quark mas m =mu=md (contrôle le “point physique” à travers de m2

π≈Bm )
- le paramètre β qui contrôle le “lattice spacing” a=0.10 – 0.05 fm
Puisque il faut toujours prendre la limite du continu, β disparait: IL RESTE mq

AAA

2H + 3H ! 4He + n

H̄

NN̄

Uµ(x) 2 SU(3)

H̄
A

• Radiative Recombination

p̄ + e� ! H̄ + h⌫

Laser stimulated Radiative recombination

p̄ + e� + nh⌫ ! H̄ + h⌫ + (n + 1)h⌫

• Antiproton-Positronium charge exchange

p̄ + Ps! H̄ + e�

• 3-body recombination

p̄ + e+ + e� ! H̄ + e+

• Ani-H ion production

H̄ + Ps! H̄+ + e�

qui nous rend si paresseux.

VNN = +V⇡ + V⌘ + V⇢ + V! + V�0 + V�1

VNN̄ = �V⇡ + V⌘ + V⇢ � V! + V�0 � V�1

VNN ! VNN̄

p̄
p̄p
p̄d
p̄3He



II. LQCD: Physique nucléaire et hadronique avec un paramètre
On ne peut pas tout calculer mais c’est OK pour
- Masses des états liés, ground and excited, (encore pbs avec resonances N*)
- Déphasages Hadron-Hadron (au moins jusqu’aux seuils inélastiques)
- Fonctions de structure (FF + moments des pdfs et GPDs)

Pour les masses on a commencé avec les mésons (qq), ‰
puis les baryons (qqq), %
puis tetraquarks, pentaquarks, hexaquarks (H) …

On en est maintenant à calculer des « vrais » noyaux 2H (6q), 3He (9q), 4He (12q)
avec le seul input m de QCD … bien que encore un peu loin du « point physique »

Deux groupes sont pratiquement dédiés au calcul de Physique Nucléaire à partir 
de QCD (sur réseau)
HAL-QCD/PAC-CS** Kyoto-Osaka-Tsukuba-RIKEN- (Aoki, Ishi, Doi,Yamazaki…)

VNN (très questionable),  Masses,  déphasages
NP-LQCD Seattle-Barcelona-JLab-MIT  (Savage, Parreno,Orginos, Detmold,…)

Masses, dephasages, Moments magnetiques, reactions (np-dg) 
La France est bêtement absente de tout cela…

Quelles sont les méthodes, les problèmes et les perspectives?



Comment fait-on pour calculer une masse en LQCD ?



Meson masses

14 Meson Correlators

✛

✲

!x
(sink)

! 0
(source)

Correlateur6 with source at 0 = (0, 0), sink at x = (t, x⃗)

C(t) =
∑

x⃗

< 0|J(x) J(0)|0 >

avec J(x) un courant qui depend du type de systeme

14.1 Systeme qq̄
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On a donc

C(t) =
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Trcs [ΓS(x, x)] × Trcs [ΓS(0, 0)] − Trcs [S(x, 0) Γ S(0, x) Γ]

14.2 Systeme qq̄′

Pour les mesons qui ne sont pas de singlets de saveur (ūu,d̄d,...) les diagrames disconexes sont nuls. Ils ne le
sont pas pour le π0 e.g.

14.3 Correrlateurs non diagonnaux

6Notations de [4]

41

Consider space-time propagation of    

Compute correlator between currents J, i.e. the V.E.V.

Simplest case 

5 Computing observables

C(t) =
∑

x⃗

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

5.1 Gluonic matter

5.2 Meson mass

9

1 Champss

q̄q

qc
α(x) =

⎛

⎝

qb
α(x)

qr
α((x)

qv
α((x)

⎞

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

qf (x) =

⎛

⎝

qb
f (x)

qr
f (x)

qv
f (x)

⎞

⎠ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

. . .

. . .

. . .

. . .

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

f = 1, . . . , 6

det[Mxy] e−S[Uµ]

det[D(U)] e−Sg[U ]

p(U) = det[D(U)] e−Sg[U ]

U = {Uµ(x), x ∈ V }

Uµ(x) =

⎛

⎝

. . .

. . .

. . .
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⎠ ∈ SU(3)
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5 Computing observables

C(t) =
∑

x⃗

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

x⃗

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

x⃗

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

x⃗

Tr [Sd(x, 0)Su(0, x)]

= −
∑

x⃗

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

5.1 Gluonic matter

5.2 Meson mass

9

KEY POINT= correlators (VEV) expressed only in terms of quark propagators Sq(x,0)

On another hand

5 Computing observables

5.1 Meson mass

C(t) =
∑

x⃗

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

x⃗

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

x⃗

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

x⃗

Tr [Sd(x, 0)Su(0, x)]

= −
∑

x⃗

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

JP (x) = iū(x)γ5d(x)

CP (t) =
∑

x⃗

Tr
{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
}

< 0 | O1(t)O2(0) | 0 >=
∑

n

< 0 | O1 | n >< n | O2 | 0 > e−Ent ∼ e−E0t

5.2 Gluonic matter

9

This provides an effcient way to compute meson masses

6 Observables

6.1 Masses

Cab(x) =< 0|Na(x)N̄b(0)|0 >

C
(3)
ab (x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Cµ
ab(x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Tr [Cαβ(t)] = Tr

[

∑

x⃗

Sαβ(x⃗, t)

]

∼ e−aMNt

aMeff (t) = log
C(t)

C(t + 1)

6.2 Leptonic Decay constants

Γexp(D → lν) = Kine |Vcu|
2f 2

D

fD =
< D|A0|0 >

MD

Γexp(Ds → lν) = Kine |Vcs|
2f 2

Ds

fDs =
< Ds|A0|0 >

MDs

6.3 Semi-Leptonic Decay constants and FF

Γ(D → πlν) ∼ |Vcs|
2f 2

D

dΓ

dq2
(D → πlν) ∼ |Vcs|

2F+(q2)
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5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
X

~x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= �
X

~x

Tr [S
d

(x, 0)S
u

(0, x)]

= �
X

~x

Tr
h

S
d

(x, 0)�5S
†
u

(x, 0)�5

i

We use
S(x, 0) = �5S

†(0, x)�5

J
P

(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter

5.4 qq̄ potential

< 0 | W (~x, ~y, n4) | 0 >=
X

k

X

ij

< 0 | S
ij

(~x, ~y, n4) | k >< k | S†
ji

(~x, ~y, 0) | 0 > e�(Ek�E0)n4a

(E1 � E0) ⌘ V
qq̄

(r) r = a | ~x� ~y |

< 0 | W (~x, ~y, n4) | 0 >⇠ e�V (r) n4a = e�V (r) t

It can be obtaned by means of Polyakov loop”, tha is

< 0 | P (~x) P †(~y) | 0 > ⇠ e�V (r) aT

⌘ =< 0 | P (~x) | 0 >

Plays a role of order parameter for the deconfinement transtition at finite temperature

9
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FIG. 17: The pion EMP’s determined on the four lattice ensembles used in this work. Note that
the y-axis scale is the same in all four panels.

A. The Pion Mass

The finite-volume contribution to the mass of the pion in SU(2)L ⇤ SU(2)R ⇥PT is given
by [11]

m�(L)�m�(⇧) =
3m3

�

4�2f 2
�

1

m�L

�
K1(m�L) +

⌃
2K1(

⌃
2m�L) +

4

3
⌃
3
K1(

⌃
3m�L) + . . .

⇥
(28)

whereK1(x) is the modified Bessel function. The meson masses have di�erent overall volume
scaling to the baryons, due to the absence of a three-meson vertex. As K1(z) ⌅ e�z/

⌃
z, the

results of the Lattice QCD calculations are shown in fig. 19 as a function of e�m�L/(m�L)3/2

rather than e�m�L/(m�L) as was used for the baryons. Consequently, the naive fit that we
perform to the meson masses is of the form

m(V )
M (m�L) = m(⇥)

M + c(V )
M

e�m� L

(m�L)3/2
. (29)

With the current precision of the Lattice QCD calculation, we cannot distinguish be-
tween the fit forms of e�m�L/(m�L) and e�m�L/(m�L)3/2 with statistical significance.

The fit parameters are m(⇥)
� = 0.069073(63)(62) t.l.u. = 387.8(0.4)(0.4)(2.5) MeV and

c(V )
� = 0.23(12)(07) t.l.u. = (1.30(65)(39)(01))⇥ 103 MeV.

28



Baryon masses (N)

First step: "built " a N (in fact a Jπ=1/2+ state) by combining 3 q fields   

It is a VEV of a product of 6 quark fields q(x)
Wick Th: sum of products of q propagators ("contractions")

N mass is extracted from matrix elements of this correlator 4x4 (y=0) 

Create N at y=0   

Propagate N from y→x

Annihilate  N at x

6 Baryon mass

Cαβ(x) =< 0|Nα(x)N̄β(0)|0 >=
∑

< 0|qα(x)N̄β(0)|0 >

Cαβ(x, y) = ⟨0 | Nα(x)N̄β(y) | 0⟩ =
1

Z

∫

[DUµ][Dq][Dq̄] e−S Nα(x) N̄β(y)

Cαβ(x, y) = ⟨0 | Nα(x)N̄β(y) | 0⟩ =
∑

Cabcd
αβ ⟨0 | qα(x)qa(x)qb(x)q̄β(y)q̄c(y)q̄d(y) | 0⟩

7

7 Observables

7.1 Masses

C
(3)
ab (x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Cµ
ab(x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Tr [Cαβ(t)] = Tr

[

∑

x⃗

Cαβ(x⃗, t)

]

∼ e−aMN t

aMeff (t) = log
C(t)

C(t + 1)

7.2 Leptonic Decay constants

Γexp(D → lν) = Kine |Vcu|
2f 2

D

fD =
< D|A0|0 >

MD

Γexp(Ds → lν) = Kine |Vcs|
2f 2

Ds

fDs =
< Ds|A0|0 >

MDs

7.3 Semi-Leptonic Decay constants and FF

Γ(D → πlν) ∼ |Vcs|
2f 2

D

dΓ

dq2
(D → πlν) ∼ |Vcs|

2F+(q2)

8

The method can be extended to (6A) q fields and access to A-baryon system     

Introduction Méthode Résultats Exemple d’ajustement des paramètres Calcul des masses Facteurs de forme et distributions de partons

Fonctions à 2 points (Nf = 2)

Champ interpolant pour le proton

J↵(x) = ✏abcua
↵(~x, t)

h
ub

(~x, t)TDC�5d
c
(~x, t)

i

Comportement à grand temps du corrélateur

C�⇢(t) =

X

~x

⌦
0|J�(t, ~x)

¯J⇢(0)|0↵ /
t!1

e�mN t

J

x 0
J̄

meff (t) = � log

C(t)

C(t� 1)

tends vers une constante : le

plateau



Calculations become quickly complicated 

15.6.1 N

λ Λν Γµ ΨA ΨB ΨC

p 1 1 Cγ5 u d u

C(x) =< χp(x)χ̄p(x) > = −ϵabcϵa′b′c′ (P11 + R11)

P d
11 = + Sca′

u Tr(Sac′
u [ΓµSbb′

d Γ̃µ′ ]T )

Rd
11 = −Scc′

u [ΓµSbb′
d Γ̃µ′ ]T Saa′

u

Cp
ss′(x) = −ϵabcϵa′b′c′

{

−Scc′
u [ΓNSbb′

d Γ̃N ]T Saa′

u + Sca′

u Tr(Sac′
u [ΓNSbb′

d Γ̃N ]T )
}

(83)

Cn
ss′(x) = −ϵabcϵa′b′c′

{

−Scc′
d [ΓNSbb′

u Γ̃N ]T Saa′

d + Sca′

d Tr(Sac′
d [ΓNSbb′

u Γ̃N ]T )
}

(84)

1. Les correlateurs du N sont des matrices 4 × 4

2. On passe du p au n par l’echange u ↔ d

3. Pour le doublet d’isospin Il faut 10 propagateurs et 2 structures

p n
Scc′

u Scc′
d

Saa′

u Saa′

d

Sca′

u Sca′

d

Sac′
u Sac′

d

Sbb′
d Sbb′

u
[

ΓNSbb′
d Γ̃N

]T [

ΓNSbb′
u Γ̃N

]T
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15.5 Forme général

Il est intéressant, et même pratique, de considerer la forme générale des champs interpolants (Notes V. Drach)

Jµν(x) = ϵabc
∑

i

λi

[

ΨaT
Ai

(x)Γi
µΨb

Bi
(x)
]

Λi
νΨc

Ci
(x) (78)

J̄µν(x) = −ϵabc
∑

i

λ∗
i Ψ̄a

Ai
(x) Λ̃i

ν

[

Ψ̄b
Bi

(x) Γ̃i
µ Ψ̄cT

Ci
(x)
]

(79)

avec les définitions

Λ̃i
ν = γ0 Λi

ν
†

γ0

Γ̃i
µ = γ0 Γi

µ
†

γ0

Exemples:

χp(x) = ϵabc[uTa(x)C γ5d
b(x)]uc(x)

χn(x) = ϵabc[dTa(x)C γ5u
b(x)]dc(x)

Λ8
1(x) =

ϵabc

√
6

{[

2ua(x)T Cγ5d
b(x)

]

sc(x) +
[

ua(x)T Cγ5s
b(x)

]

dc(x) −
[

da(x)T Cγ5s
b(x)

]

uc(x)
}

Ξ0(x) = ϵabc[sTa(x)C γ5u
b(x)]sc(x)

Ξ−(x) = ϵabc[sTa(x)C γ5d
b(x)]sc(x)

Σ0
1(x) =

1√
2
ϵabc

{[

ua(x)T Cγ5 sb(x)
]

dc(x) +
[

da(x)T Cγ5 sb(x)
]

uc(x)
}

Σ+
1 (x) = ϵabc

[

ua(x)T Cγ5 sb(x)
]

uc(x)

Σ−
1 (x) = ϵabc

[

da(x)T Cγ5 sb(x)
]

dc(x)

χ∆++

µ (x) = ϵabc[uTa(x)C γµub(x)]uc(x)

χ∆+

µ (x) =
ϵabc

√
3

{

2[uTa(x)C γµdb(x)]uc(x) + uTa(x)C γµub(x)]dc(x)
}

χ∆0

µ (x) =
ϵabc

√
3

{

2[dTa(x)C γµub(x)]dc(x) + dTa(x)C γµdb(x)]uc(x)
}

χ∆−

µ (x) = ϵabc[dTa(x)C γµdb(x)]dc(x)

avec
C = γ0γ2

Dans tous les cas considérés on a:

• Pour tous
Λi

ν = Λ̃i
ν = 1

Jµ(x) = +ϵabc
∑

i

λi

[

ΨaT
Ai

(x)Γi
µΨb

Bi
(x)
]

Ψc
Ci

(x)

J̄µ(x) = −ϵabc
∑

i

λ∗
i Ψ̄a

Ai
(x)

[

Ψ̄b
Bi

(x) Γ̃i
µ Ψ̄cT

Ci
(x)
]

Donc les champs interpolants dependent au plus d’un indice de Lorentz Jµν(x) ≡ Jµ(x)
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5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
X

~x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= �
X

~x

Tr [S
d

(x, 0)S
u

(0, x)]

= �
X

~x

Tr
h

S
d

(x, 0)�5S
†
u

(x, 0)�5

i

We use
S(x, 0) = �5S

†(0, x)�5

J
P

(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter
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FIG. 1: The nucleon EMP’s obtained in the four lattice volumes. Note that the temporal extent
of the 323 � 256 ensemble is twice that of the other three ensembles.

TABLE I: Results from the Lattice QCD calculations in the four lattice volumes.

L3 � T 163 � 128 203 � 128 243 � 128 323 � 256

L (fm) ⇥ 2.0 ⇥2.5 ⇥3.0 ⇥3.9

m�L 3.888(20)(01) 4.8552(84)(35) 5.799(16)(04) 7.7347(74)(91)

e�m�L ⇥0.0205 ⇥0.0078 ⇥0.0030 ⇥0.00044
1

m�L
e�m�L ⇥5.3� 10�3 ⇥1.6� 10�3 ⇥5.2� 10�4 ⇥5.7� 10�5

1
(m�L)3/2

e�m�L ⇥2.7� 10�3 ⇥7.4� 10�4 ⇥2.2� 10�4 ⇥2.1� 10�5

m�T 8.89(16)(01) 8.878(54)(22) 8.836(85)(02) 17.679(59)(73)

e�m�T ⇥1.38� 10�4 ⇥1.39� 10�4 ⇥1.45� 10�4 ⇥2.10� 10�8

MN (t.l.u.) 0.21004(44)(85) 0.20682(34)(45) 0.20463(27)(36) 0.20457(25)(38)

M� (t.l.u.) 0.22446(45)(78) 0.22246(27)(38) 0.22074(20)(42) 0.22054(23)(31)

M⇤ (t.l.u.) 0.22861(38)(67) 0.22752(32)(43) 0.22791(24)(31) 0.22726(24)(43)

M⇥ (t.l.u.) 0.24192(38)(63) 0.24101(27)(38) 0.23975(20)(32) 0.23974(17)(31)

calculations given in table I. As shown previously, the volume dependence of the mass of a
given baryon can be calculated order-by-order in HB�PT. The formally-leading contribution
to the volume dependence of the mass of an octet baryon results from a one-loop diagram
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5 Computing observables

5.1 Meson mass

C(t) =
∑

x⃗

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

x⃗

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

x⃗

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

x⃗

Tr [Sd(x, 0)Su(0, x)]

= −
∑

x⃗

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

JP (x) = iū(x)γ5d(x)

CP (t) =
∑

x⃗

Tr
{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
}

< 0 | O1(t)O2(0) | 0 >=
∑

n

< 0 | O1 | n >< n | O2 | 0 > e−Ent ∼ e−E0t

5.2 Meson mass

Signal to noise ∼ e−(MN−3
2
Mπ)t

5.3 Gluonic matter
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The generalization to any A is straight forward … althought not so easy !  

For a nucleus with A,  made of 3Aq, one has to compute the VEV of 2x3xA quarks fields 
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Not only M, but also magnetic nuclear moments… out of nothing
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Results from HAL-QCD/PACS-CS (Kyoto, Osaka, Tsukuba, Riken…)

Wilson-Clover nf=3 mπ=300 MeV
Effective binding energy ΔE= EA-A MN at L=4.3 and 5.8 fm (dimensionless aΔE) 

statistical error and the outer bar represents the total
error with the statistical and systematic ones added in
quadrature. Since the volume dependence is not large, we
estimate the energy shift in the infinite volume limit ΔE∞
by a constant fit as presented by solid line and open circle in
Fig. 5. An exponential type extrapolation, ΔEL ¼ ΔE∞þ
C expð−CeLÞ, cannot be carried out in this paper due to the
smaller number of data than its free parameters. The
systematic error is estimated from the variation of the
central values obtained by 49 fits. The 49 fits are constant
fits with a various combination of 72 data set, where in each
volume we have seven data with different fit range of RðtÞ
as explained in the above. The result of ΔE∞ with the
statistical and systematic errors are tabulated in Table III.
From the result that ΔE∞ is nonzero and negative, we
conclude that the ground state is bound in this channel. The
binding energy equals −ΔE∞ ¼ 47ð7Þðþ20

−11Þ MeV where

the first and second errors are statistical and systematic,
respectively.
The result for −ΔE∞ is compared with the experimental

value of 28.3 MeVand with the previous three results [1–3]
in Fig. 6. The binding energy for mπ ¼ 0.3 GeV obtained
in this paper is similar in magnitude with our previous
results for Nf ¼ 2þ 1 at mπ ¼ 0.51 GeV [3] and Nf ¼ 0
at mπ ¼ 0.80 GeV [5]. Compared to experiment, if one
used the upper total error, our current value is consistent
within 1.5σ. The result of the Nf ¼ 3 calculation at mπ ¼
0.81 GeV [2] is about 3 times larger than the other results.
This difference might be due to different quark masses of
the calculation or dynamical quark effects. On the other
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FIG. 3 (color online). Effective energy shift ΔEeff
L for 4He

channel on ð4.3 fmÞ3 (top) and ð5.8 fmÞ3 (bottom) volumes in
lattice units. The fit result with one standard deviation error band
and total error including the systematic one is expressed by solid
and dashed lines, respectively.
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FIG. 4 (color online). The fit range dependence of energy shift
ΔEL for 4He channel on ð4.3 fmÞ3 (top) and ð5.8 fmÞ3 (bottom)
volumes in lattice units. The horizontal axis corresponds to the
fit range ðtmin;tmaxÞ;ðtmin−1;tmaxÞ;ðtminþ1;tmaxÞ;ðtmin;tmax−1Þ;
ðtmin;tmaxþ1Þ;ðtminþ1;tmaxþ1Þ;ðtminþ2;tmaxþ2Þ, and ðtminþ3;
tmaxþ3Þ from left to right. tmin and tmax are minimum and
maximum time slices of the fit range, respectively, whose values
are explained in the text. The total error band including the
statistical and systematic is expressed by solid lines.
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A bit noisy but unambiguous result !
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Extrapolation at infinite volume gives:

hand, the result obtained with the two-nucleon potential
extracted from Nf ¼ 3 calculations at mπ ¼ 0.47 GeV [4]
has a very small binding energy, ΔE ¼ 5.1 MeV, com-
pared to the other results.

C. 3He channel

Figure 7 shows the effective energy shift ΔEeff
L in Eq. (4)

for the two volumes. The signals are better than those in the
4He channel shown in Fig. 3. A plateau is seen for the
smaller volume case, while it is less clear in the region of
t ¼ 8–12 for the larger volume case. The energy shift ΔEL
in Eq. (2) is determined by an exponential fit to RðtÞ in
Eq. (3) with the fit range of t ¼ 8–12 and 9–12 for the
smaller and larger volumes, respectively. The systematic
error of ΔEL is estimated in the same way as for the 4He
case as described in the above subsection. The fit results
with the statistical and systematic errors are shown in Fig. 7
and Table III. The explanations for the solid and dashed
lines are given in the previous subsection. Figure 8 shows
how we estimate the systematic error. The relative

difference of the extra fit result with the slid fit range by
þ3, as explained in the previous subsection, from the
central fit result with the total error is less than 1.6σ.
Aweak volume dependence of ΔEL observed in Fig. 9 is

similar to those in the previous results [1–3]. A constant fit of
ΔEL with only the statistical error gives a large value of
χ2=DOF ¼ 4.1, where DOF denotes degrees of freedom. It
agrees with the two data within the total error as shown in
Fig. 9, however. Thus, we take the constant fit result as the
estimate of the central value of ΔE∞ in this calculation.
We estimate the systematic error of ΔE∞ in the same

way to the 4He case. We omit 18 constant fit results,
however, with χ2=DOF > 4.1. The extrapolated result
of ΔE∞ is clearly nonzero and negative as presented in
Fig. 9. Thus the ground state is a bound state, correspond-
ing to the 3He nucleus, with a binding energy of −ΔE∞ ¼
21.7ð1.2Þðþ13

−1.6Þ MeV, where the first and second errors are
statistical and systematic, respectively.
The quark mass dependence of the energy shift is plotted

in Fig. 10. Our present result together with our two
previous calculations [1,3] show very small dependence,
while NPLQCD reported a much deeper bound state [2].
All lattice results in the figure have the binding energy
larger than the experimental value 7.72 MeV.

D. Two-nucleon channels

We present ΔEeff
L in Eq. (4) for the 3S1 and 1S0 channels

in Figs. 11 and 12, respectively. The signals are clean up to
t ≈ 14, but statistical fluctuations spoil the signals in the

TABLE III. Energy shift −ΔEL in physical units and fit range
for 4He and 3He channels on each spatial volume. Extrapolated
results in the infinite spatial volume limit are also presented. The
first and second errors are statistical and systematic, respectively.

4He 3He

L −ΔEL [MeV] Fit range −ΔEL [MeV] Fit range

48 46ð13Þðþ55
−11Þ 9–12 18.7ð1.9Þðþ15

−3.1Þ 8–12
64 47ð9Þðþ6

−8Þ 9–12 23.7ð1.6Þðþ13
−2.5Þ 9–12

∞ 47ð7Þðþ20
−11Þ % % % 21.7ð1.2Þðþ13

−1.6Þ % % %
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π dependence of energy shift for 4He

channel in MeV units. Open and closed symbols denote the
quenched [1] and full QCD [2–4] results, respectively. The results
of Refs. [1,3] and this paper are the ones in the infinite volume
limit. The error of the result obtained from the two-nucleon
potential was not estimated in Ref. [4]. The experimental result
(star) is also presented for comparison.
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FIG. 5 (color online). Spatial volume dependence of ΔEL for
4He channel in MeV units. The outer bar denotes the total error
of statistical and systematic ones added in quadrature. The inner
bar is for the statistical error. The constant fit result is shown by an
open circle symbol. The experimental value (star) is also presented.
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B=47 MeV is not yet B=28.3 MeV (thought compatible between errors !)

It should not be, because mπ=300 MeV is not yet the « physical point »

Stil, this is a great, very great !, achievement

It is the first time since Yukawa, that Nuclear Physics recovers
- conceptually and in practice – the simplicity of atomic physics
… apart from some « technical » aspects of LQCD !

And this for the most difficult theoretical problem : the QFT solution of a 
Strong Interacting system
For many great physicists it would have been just unbelievable 30 years ago !



hand, the result obtained with the two-nucleon potential
extracted from Nf ¼ 3 calculations at mπ ¼ 0.47 GeV [4]
has a very small binding energy, ΔE ¼ 5.1 MeV, com-
pared to the other results.

C. 3He channel

Figure 7 shows the effective energy shift ΔEeff
L in Eq. (4)

for the two volumes. The signals are better than those in the
4He channel shown in Fig. 3. A plateau is seen for the
smaller volume case, while it is less clear in the region of
t ¼ 8–12 for the larger volume case. The energy shift ΔEL
in Eq. (2) is determined by an exponential fit to RðtÞ in
Eq. (3) with the fit range of t ¼ 8–12 and 9–12 for the
smaller and larger volumes, respectively. The systematic
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[3] Same method and authors with mπ=510 MeV 
[1] Same method and authors (PACS-CS) with mπ=800 MeV but quenched (nf=0)
[4] Same confs but through « potential » (HAL QCD) :  out !
[2] NPLQCD (Beane et al, PRD87 (2013)034506) mπ=800 MeV nf=3 

Not yet agreement between independent groups (impossible with [2])
Smooth mπ-dependence not well understood



CONCLUSION

Dans les dernies 20 ans la physique Nucléaire « ab initio » a été totalement ré-écrite
et est en train de vivre une deuxième « âge d’or ».

L’origine de cette « renaissance » est double 

I. La formulation par S. Weinberg et collaborateurs (U. Van Kolck,…) des interactions 
nucléaires en termes d’une somme de « lagrangiens effectifs » qui gardent certaines symétries 
de QCD (EFT) et qui correspondent à des degrés d’approximation successifs dans un certain 
schéma (« power counting »).  

Les degrés de liberte effectifs sont des nucléons et des pions non relativistes  intéragissant
« à la Yukawa » ou par des termes de contact.

Le reste des « mésons traditionnels » ont disparu explicitement de cette description
Ce schéma permet d’obtenir les interaction a 2, 3 et plusieurs corps de façon systématique.
A l’ordre N3LO les potentiels ont la même complexité que les « anciens » (30-40 paramètres)

II. Le développemnt des techniques de calcul « exact » permettant d’atteindre pour les états 
liés des noyaux A=12-16.

III. La « découverte » de l’incroyable complexité du  noyau par d’autres communautés, 
autrefois négligeantes (voir même hostiles), grâce aux calcul sur réseau (LQCD)



Que peut-on attendre de la LQCD ?
La LQCD a commencé a fournir des résultats de Physique Nucléaire à partir de QCD
En pratique ces résultats dépendent d’un seul paramètre (mq)

Plusieurs équipes ont déjà atteint le «point physique » (mπ=140 MeV), même en dessous 
Les groupes qui calculent des noyaux (HALQCD/PACS CS au Japon, NPLQCD aux US) 
ont les moyens humains et de calcul nécessaires.
Les contractions de Wick ont été automatisées (calcul formel)
La seule limitation pourrait venir de la qualité du signal/bruit des corrélateurs C(t).

Dans les 4-5 années à venir on peut s’attendre à:
- Noyaux légers (A=2,3,4,… guère plus): M, µ, σ, FF (?)

Même si, sauf nouvelle astuce, avec une précision sur B pas très grande (30% pour 4He)
- Déphasages Hadron-Hadron: NN (pas intéressant) mais NY, YY,… (seul moyen d’accès
- Les VNN obtenus à partir de QCD ne sont pas très crédibles, surtout avec la précision requise,

mais ils doivent pouvoir mettre en évidence « l’échange du pion » … ou pas du tout !
*  Pour l’instant aucun des VNN retrouve un Yukawa !!!
** D’autre systèmes (ΩΩ) ont une forte attraction pas comprise en termes « d’échange » 

Que changera pour la physique nucléaire théorique ?
Nous devrons apprendre une certaine modestie : la physique sous jacente – lorsqu’elle est 
décrite exactement - est en fait très simple !
Pour les « vrais noyaux » (Ca, Pb, U)…) l’ « approche potentiel » restera incontournable


